This work is concerned with the approximation and the numerical computation of polygonal minimal surfaces in IR q (q 2). Polygonal minimal surfaces correspond to the critical points of Shi man's function . Since this function is analytic, polygonal minimal surfaces can be characterized by means of the second derivative of . We present a nite element approximation of quasiminimal surfaces together with an error estimate. In this way we obtain discrete approximations h of and fh of r . In particular we prove that the discrete functions converge uniformly on certain compact subsets. This will be the main tool for proving existence and convergence of discrete minimal surfaces in neighbourhoods of non-degenerate minimal surfaces. In the numerical part of this paper we compute numerical approximations of polygonal minimal surfaces by use of Newton's method applied to fh.
Introduction
Let ? be a Jordan curve in IR q (q 2) and denote by B = fw = (x 1 ; x 2 ) 2 IR 2 ; jwj < 1g the unit disc in IR 2 . A mapping u 2 C 0 (B; IR q ) \ C 2 (B; IR q ) is called disc type minimal surface spanning ? if u satis es u = 0 in B (1) ju x1 j 2 ? ju x2 j 2 = (u x1 ; u x2 ) = 0 in B (2) u j@B is a (weakly) monotone parametrization of ?:
In the case where ? is a simple, closed polygon, the minimal surface problem is connected with the critical points of a function of nitely many variables. To be more precise, let a 1 ; : : :; a N+3 denote the distinct vertices of the polygon ? (N 1) and consider mappings v : B ! IR q in C 0 (B; IR q ) \ C 1 (B; IR q ) such that v(?1) = a N+1 ; v(?i) = a N+2 ; v(1) = a N+3 and v(e i j ) = a j (1 j N), where = ( 1 ; : : :; N ) is an N-tuple of parameter values j satisfying 0 < 1 < : : : < N < . Let F 0 ( ) denote the class of such mappings which map the arc j := fe i ; j j+1 g in a weakly monotone way onto the segment a j ; a j+1 ] on the straight line a j + ? j through the points a j ; a j+1 ( j l if j l mod N + 3) (1 j N + 2). Disc type minimal surfaces spanning ? now correspond in a one-to-one manner to the critical points of Courant 
Problem (4) has a unique solution v( ), called minimal vector (see 2, Lemma 6.3]). The function d is known to be of class C 1 . Unfortunately, it is not known up to now whether d is of class C 2 , therefore Courant's function is not a good candidate to develop a Morse theory for polygonal minimal surfaces. The Marx-Shi man function was introduced in the paper of Marx 16] , which was based on a joint work of Marx and Shi man concerning polygonally bounded minimal surfaces. Marx and Shi man enlarged the class F 0 ( ) to the class F( ) of mappings which map the arc j into the straight lines a j +? j and de ned ( ) := inf
The unique solution u( ) of problem (6) is called (normalized) quasiminimal surface. As a result, one clearly has d( ) ( ) and d( ) > ( ) for certain values of (see 15] ). In 16] , it was stated that is of class C 1 . In 5], Heinz proved that the quasiminimal surfaces u( ) depend analytically on . Using this result Heinz was able to prove that is analytic ( 6] ). Furthermore, according to Heinz the critical points of correspond in a one-to-one manner to solutions of a generalized Plateau problem for ?. Here, generalized means : the solution u( ) can overshoot the vertices and one only knows that u( j ) In the last years several numerical approaches to the boundary value problem for parametric minimal surfaces had been made. Here, we mention the works of Jarausch 14 where denotes the smallest angle at the polygon vertices the minimal surface maps into and h are roots of the function f h contained in some neighbourhood of . This is the rst convergence result for unstable minimal surfaces in non-smooth contours. In 4] Dziuk/Hutchinson applied a linear boundary element method to compute approximations of non-degenerate minimal surfaces that are bounded by smooth curves ? IR q and proved existence and convergence of discrete minimal surfaces in neighbourhoods of non-degenerate minimal surfaces. The rst convergence result for stable minimal surfaces can be found in Tsuchija's papers 23], 24].
For the visualization of grids and discrete surfaces we used the the graphical programing environment GRAPE developed at the Sonderforschungsbereich 256 at the university of Bonn, Germany.
Notations
In what follows, N and q denote integers satisfying N 1 and q 2. Let B := fw = x 1 + ix 2 ; jwj < 1g I C fx = (x 1 ; x 2 ); jxj < 1g IR 2 denote the unit disc and let ? IR q be a closed polygon with N + 3 distinct vertices a 1 ; : : :; a N+3 arranged in cyclical order. We set ' k := a k+1 ? a k ja k+1 ? a k j (1 k N + 3; a N+4 := a 1 );
and denote by S k ; T k the re ections at the lines ? k and a k +? k , respectively. Let = ( 1 ; : : :; N ) 2 IR N denote an N ? tuple of parameter values j satisfying 0 < 1 < : : : < N < (9) and de ne T := f 2 IR N ; 0 < 1 < : : : < N < g: (10) In order to connect problem (6) with the Plateau problem for the polygon ? we set N+1 := ; N+2 := 3 2 ; N+3 := 2 :
T 0 T always denotes a compact subset of T. Furthermore, for 2 T we set k ( ) := fw = e i ; k < < k+1 g (1 k N + 3; N+4 1 + 2 )
and abbreviate k ( ) := e i k (1 k N + 3): 
Furthermore, for every k = 1; : : :; N + 3 there exists an integer 1 p k q, p k exponents ?1 < p k 1 < : : : < p k pk 0 and an 0 > 0, such that for the solutions u( ) of (16) 
In particular for every T 0 T, there exists some (T 0 ) > 0 so that the assertion in the second part of 4 The discrete approach Let 2 T be xed. To obtain a conforming nite element method approximating problem (16) Clearly, both re nement strategies yield regular and conforming triangulations of B. 
and consider Y h as a subspace of H 1 (B h ; IR q ). The discrete analogues of X and X 0 are
and 
In order to obtain the inclusion X h X one has to de ne a suitable prolongation operator for functions The discrete analogue to the variational problem (16) is
This problem has a unique solution u h = u h ( ) 2 X h , called discrete quasiminimal surface that satis es 
Now let u = u( ) denote the solution of (16 has been de ned in (25) . In this case there is a direct relation between the smallest angle of the polygon ? and the order of convergence.
By our choice of triangulations ( ) of the unit disc (note that the points j ( ) = e i j are nodes of the macro-triangulation) and Corollary 3.1 the constants in (46), (47) and (49) can be controlled uniformly for 2 T 0 T ( 11, Sect. 4.5]). This proves the following theorem that will be the main tool in establishing existence and convergence of discrete minimal surfaces in the next section. Proof. Taking the di erence of (34) 
fu( h )g 0<h h0 H 1 (B; IR q ) is uniformly bounded by (30). Therefore, at least for subsequences, which will also be denoted by fu( h )g 0<h h0 one has u( h ) * v in H 1 (B; IR q );
and u( ) is uniquely determined by , one concludes that v = u( ). 
Moreover, the whole sequence fu( h )g 0<h h0 converges to u( ), for otherwise one could select a subsequence converging to another limit. Combining (60) and (61) nally yields
With respect to the convergence of the Dirichlet integrals D(u h ( h )) one can show more. We write
:
Since is analytic in T and r ( ) = 0 Taylor's theorem implies This completes the proof.
The following corollary is a re nement of (58). 
and write @B = N+3 k=1 I k 1 I k 2 :
Integration by parts applied to 4] together with (18) :
Combination of (23) As Table 1 shows, the numerical results con rm the asymptotic convergence of Dirichlet's integral. The areas A h (u h ) of the discrete surfaces seem to converge faster than the values of the corresponding Dirichlet integrals. Jarausch introduced polar coordinates on B and approximated this surface using piecewise bilinear continuous nite elements. Jarausch's best approximation of the Riemann -Schwarz Surface has the area A = 0:640007, the corresponding value of Dirichlet's integral is D = 0:675515. This values nearly grape.ps In Figs. 7, 8 the polygon P 2 ?6 is presented that bounds a discrete quasiminimal surface u( h ) that overshoots the vertices of the polygon and is not order preserving on the boundary nodes of the corresponding triangulation of the unit disc. The parameter tuple h was used as the initial guess for the Newton process. In Figs. 9, 10 the discrete minimal surface u h ( h ) spanning P 2 ?6 together with the triangulation h ( h ) are presented. The area of the discrete surface is A = 2:8136, Dirichlet's integral has the value D = 2:9426. The triangulation contains NT = 1280 triangles, NV = 681 nodes and NR = 80 boundary nodes.
As Fig. 11 shows, the discrete minimal surface does not overshoot the vertices of the polygon and is order preserving on fboundary nodesg.
No overshooting of the vertices a j (j = 1; : : :; N +3) of a polygon ? has been observed in any numerical computations of generalized discrete minimal surfaces. Moreover, all computed discrete surfaces u h satisfy Plateau's boundary condition for ? in the sense that u h fboundary nodesg ? and u h is order preserving on fboundary nodesg:
This fact justi es the use of our numerical approximation of the Marx-Shi man function for the computation of discrete minimal surfaces that are bounded by a polygon ? and might lead to the conjecture that d and coincide at their critical point set.
grape.ps 12, : : :, 13 numerical results in the case n = 18, r = 1:2 are presented. Since in numerical practice the three-point-condition (11) is very restrictive in the sense that triangulations of the unit disc obtained by the re nement strategies S1 or S2, respectively are not uniform whenever the number N + 3 of vertices of the polygon is large, we used more appropriate three-point-conditions for the following computations. For the approximation triangulations containing 3816 triangles and 2197 nodes, where 576 nodes are boundary nodes were used. The energies and areas, respectively of the surfaces are (in decending order) 13:0797, 13:0797, 13:1128, 12:9218, 13:1128, 12:9218, respectively. The matrix D 2 h ( 1 h ; 1:2) has one negative eigenvalue, the matrices D 2 h ( i h ); 1:2) (i = 2; 3) are positive de nite. Therefore, these discrete minimal surfaces might be approximations of an unstable critical point and two local minima of the area functional.
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